Int. J. Solids Structures, 1974, Vol. 10, pp. 483-501. Pergamon Press. Printed in Gt. Britain.

BIFURCATION CONDITIONS FOR A THICK ELASTIC
PLATE UNDER THRUST

K. N. SAwYEers and R. S. RIVLIN
Center for the Application of Mathematics, Lehigh University, Bethlehem, Pa. 18015, U.S.A.

(Received 15 June 1973)

Abstract—A thick rectangular plate of incompressible isotropic elastic material is subjected to a
pure homogeneous deformation by tensile forces or thrusts applied to a pair of opposite faces.
The theory of small deformations superposed on finite deformations is applied to determine the
critical conditions under which bifurcation solutions (i.e. adjacent equilibrium positions) can
exist. The adjacent equilibrium positions considered are those for which the superposed de-
formation is two-dimensional and is coplanar with the loading force and the thickness direction
of the plate, the faces of the plate normal to its thickness being force-free. A number of theorems
relating to the critical conditions for superposed deformations of the flexural and barreling
types are derived under conditions on the strain-energy function more general than those
employed in earlier work. It is also shown how these results can be applied to the determination
of the bifurcation conditions corresponding to any specified strain-energy function.

1. INTRODUCTION

Following the formulation of the theory of the superposition of infinitesimal deformations
on finite deformations of elastic bodies by Green et al. [1], an extensive literature has
evolved in which this theory is applied to the calculation of critical loading conditions for
instability of elastic bodies of various shapes. The theory is used to determine the load for
which non-zero superposed deformations first become possible. It is assumed in all of these
calculations that this loading condition will, in fact, correspond to the onset of instability.
We shall call this assumption, which is used also in the present paper, the assumption of
exchange of stabilities.t

The first papers in which the theory of Green et al.[1] was used to obtain critical condi-
tions for instability appear to be those of Wilkes[2], and Green and Spencer[3]. Wilkes
discussed the instability under thrust of a thick circular tube and of a circular cylinder with
respect to radially symmetrical buckling and Green and Spencer discussed the instability of
a circular cylinder under simultaneous torsion and tension. Fosdick and Shield[4] have
discussed the instability of a circular cylinder under thrust, with respect to flexural insta-
bility. Guo Zhong-Heng[5] has considered both flexural and barreling instability (i.e. anti-
symmetric and symmetric instability) of a thick circular plate under radial thrust. While the
secular equation, which determines the critical bifurcation conditions, is obtained for a
general incompressible isotropic elastic material, he discusses the implications of the equa-
tion only for certain special forms of the strain-energy function.

1 'I_‘his is in partial accord with the terminology commonly employed in the study of stability problems
in ﬁu!d mechanics. There, the term principle of exchange of stabilities is usually used, but we prefer the more
descriptive word assumption to the more pretentious principle.
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In the present paper, we discuss the critical bifurcation conditions for a thick rectangular
plate of incompressible isotropic elastic material. Taking the surfaces of the plate to be
perpendicular to the axes of a rectangular Cartesian coordinate system x, we consider that
the plate is initially subjected to an arbitrary pure homogeneous deformation, with principal
directions parallel to the axes of the system x, its surfaces normal to the x,-axis being
force-free. The existence is investigated of neighboring solutions in which a deformation in
the x,x,-plane is superposed on the pure homogeneous deformation, the distance between
the surfaces normal to the x,-axis remaining fixed and these surfaces being free of tangential
traction in the x,-direction, and the plate is held with its x;-dimension fixed.

Let 4,, 4, 43 be the principal extension ratios in the x,, x, and x; directions respectively
and let W = W(I, I,) be the strain-energy function per unit volume, where I, and I, are
the usual first and second strain-invariants of finite elasticity theory, defined in terms of the
A’s by equation (2.15). It is seen in this papert that the critical bifurcation conditions depend
on W through the dependence on the 1’s of a quantity A defined by

2+ Ay)°

A= W, + 2W, (Wiy + 203W,, + A5W5,),

where

W,=0W/ol,, W, =00W/ol,ol, (4, B=12).

If 45 is fixed, it follows from the incompressibility condition 4,4, A; = 1 that the A’s are
uniquely determined if A,/A, = A, say, is specified. Hence, for fixed 15, we can regard 4 as
a function of A.

Denoting the dimensions of the plate parallel to the x; and x, axes, in its undeformed
state, by 2/, and 2/, respectively, the critical bifurcation conditions depend on the aspect
ratio /,/I; through a quantity 5 defined by nnl,/l, or (n —1/2)nl,/l;, accordingly as the de-
formation is symmetric or antisymmetric with respect to the x, x;-plane, where n determines
the number of half wave-lengths parallel to the x,-direction in the deformation. In the
former case there are 2n such half-waves and in the latter case 2n — 1.

It has been shown elsewhere[6] that the material is inherently unstable if 4 < —(4 + 1)?/
(A — 1)? and it appears likely, although this has not so far been proven, that this is also true
if —1> 4> —(1+ 1)*/(A — 1)*. We accordingly restrict our discussion to the case 4 > —1.
It is shown that, subject to this limitation, if A is constant, then for each value of # there
are two values of A corresponding to critical bifurcation conditions. The lesser of these
values corresponds to flexural deformations and the greater to barreling deformations (see
Figs. 1 and 2). Also, for each constant A, n increases monotonically to infinity as the critical
value of A for flexural deformations increases from 1 to some limiting value which itself
increases with A. For higher values of 4 than this limiting value only barreling deformations
are possible and 7 decreases monotonically as the critical value of 1 increases to infinity.
It is also shown how, from the resuits, the critical bifurcation conditions for arbitrary
dependence of 4 on A can be obtained. Furthermore, it has been shown that, with 4 > —1,
the critical bifurcation conditions cannot be satisfied for any value of 4 less than unity, i.e.
for tensile conditions.

+ An analogous result was obtained for the circular plate under uniform radial thrust by Guo Zhong-
Heng[5].
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Fig. 1. # vs critical A curves for three constant values of 4.
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Fig. 2. 5 vs critical A curve for 4=0.

2. BASIC EQUATIONS

We consider the deformation of a body of incompressible isotropic elastic material. In the
deformation, a generic particle of the body, which, at some fixed reference time, is at £, in
the coordinate system x, moves to x; at time ¢. The deformation is completely described if
the dependence of x; on ¢, and ¢,

xi = xi(éa > t)s (2'1)
is known. The Finger strain tensor C,; associated with this deformation is given byt
Cij :xi,ax]"a. (2.2)

t The usual summation convention applies to lower case Latin and Greek subscripts. The comma nota-
tion ,« is used to denote 9/2¢,.
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We define three scalar invariants I (A4 = 1, 2, 3) of this tensor by
I, =Cy, I, =3[(C;,)* - C,;C}1], I, =|C;l. (2.3)
Since, for an incompressible material all deformations are necessarily isochoric, we have
I;=1. (2.4)

For an incompressible isotropic elastic material, the strain-energy W per unit volume
must depend on the deformation gradients x; , through I; and I, only, so that

w=w(d,I,). 2.5)
The Cauchy stress tensor Z;; associated with the deformation (2.1) is then given by
L, =2((W, + ,W)C;; - W, Cy C,;] - P &y, (2.6)

where P is an arbitrary hydrostatic pressure, d;; denotes the Kronecker delta and we have
introduced the notation

W,=0w/ol, (4=1,2). Q.7

The Piola-Kirchoff stress tensor I,; is then given by

I, = g% 5. 2.8)
Substitution of (2.6) in (2.8) then yields
s ﬁai = 2[(—W—1 + Il Wl)xi,a - W, xi,ﬂxk,ﬂxk,a] - %peipq Eapy Xp, 8%, > 2.9)
where ¢, is the alternating symbol.
In the absence of body forces, the Piola—Kirchoff equations of motion are
I, , = pX;, (2.10)

where p is the mass density of the material and a dot denotes differentiation with respect
to time.

Let v, be the unit normal to the surface of the body in the reference configuration and
T, be the surface traction at time ¢, measured per unit area in this configuration. Then,

T, =Tl v,. (2.11)

We now suppose that the deformation (2.1) consists of a small time-dependent deforma-
tion, superposed on a finite static pure homogeneous deformation with extension ratios
A4 =1, 2,3). Then, we may writet

X4 = )"A 6,4 + suA (A = la 25 3)9 (212)

where the A’s are positive constants, u; = u({,, t) and ¢ is a small constant, the square
and higher powers of which may be uniformly neglected. Substitution from (2.12) in (2.2)
yields

Ciy=Ci+ecy, Ly=I,+c¢i, “4=1273), (2.13)

j

+ The summation convention does not apply to upper case Latin subscripts.



Bifurcation conditions for a thick elastic plate under thrust 487

where
Ciu=4%, Cu=0 (A#B; A, B=1,23)
and (2.14)
Cap = AqlUg 4+ Aglis (4,B=1,23).

Also, from (2.3), (2.13) and (2.14), we obtain, with (2.4),
L=2+A3+% L=ABB+A32+222, L=212143=1 (2.15)
and

iy =2(Auy 1 + Aty 5 + Azuy ) 3),

iy = 2644 + By 1 + (A3 + 2Dy 5 + A4 + ADus 5}, (2.16)
. 1 1 ]
I3 :2(/1_1 Uy, +A_2u2’2 +Z”3,3) =0

We expand W, and W, in a Taylor series about (/;, I,) and, neglecting terms of 0(¢?), we
write

W, = Wy + e(Wyid, + Wy, iy),

- _ . 2.17)
W, =W, + e(Wyi; + Wy iy),
where
W,=W and W, = il (4,B=1,2) (2.18)
4 4 I, I=14,I, 42 aIA aIB I, =11, ’ e .
Also we write
P=P+¢ep and I, =1, +en,. (2.19)
Introducing (2.13), (2.17), (2.18) and (2.19) into (2.9), we obtain
P
O,,=20[W + I, — W] -,
AA A[ 1 ( 1 A) 2] A-A (220)
HAB =0 (A # B),
and}
2 P
=) K Ur ¢ — =
A4 Cgl Adacclce, c 1 @.21)
T4 = Kupag¥a, 5 + Kippatip, 4> (A #B)
where
1-¢
Kaoany = 20W, + (h = ADWolous + ——2 [P + 425 5 W,]
A’B

+A0 AWy + QL — A5 — AWy, + (I — AUy — APW,,],  (2.22)
Kuppa = KBAAB = 2[W1 + (11 - '{124 - lg)WZL (A # B)

1
Kupap = Kpaps = ﬂ‘ (P - 2)224 1123 W,). (4 # B).
4 /B

+ We use the notation , to denote 8/9¢,,.
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Introduction of (2.12) and (2.19) into the equations of motion (2.10) yields

M,,=0 and m,,=pi;. (2.23)
Again, writing
T,=T +e, (2.24)
we obtain from (2.11) and (2.19)
T,=1l,v, and t, =mn,v,. (2.25)

3. DEFORMATION OF A RECTANGULAR BLOCK

We now apply the relations derived in the previous section to a body which is initially a
rectangular block located with its edges parallel to the axes of the reference system x. Let
21, be the initial length of the edge which is parallel to the A-axis, so that in the undeformed
state the block occupies the region

-, <&y, 3.1

We consider only problems in which the surface tractions on the surface initially normal
to the 2-axis vanish, so that

T,=t;=0 for &, =+1,. 3.2

Also, we restrict ourselves to the case when the superposed displacements u; are in the
12-plane and are independent of ¢;, so that

u; =0 and w,=ué, &0 4=12). (3.3)
From (3.2) and (2.25) we see that on the surfaces &, = +1,, for which v, = +4,,, we have
T,=+I0,;,=0 and t;= +mn,;=0. 3.4

With (2.20) and (3.4), we obtain
P = 2A3[W, + (I, — A3)W,] (3.5)

and

2
I, = T (A2 — (W, + A3 W),
1

2
Iy = — (A3 — )W, + 1T W), (3.6)
3

M,, =0, T;=0 (a#i).

These expressions for I1,; automatically satisfy equation (2.23),,
Introducing (3.3) into (2.21), we obtain
2 p
Taa = Z Ky accuc,c— T 4=1,23),
C=1 A
Ty = Kiziz 41,2 + Kya21 42,15 3.7
Ty = Koy, 2 + Kop21Us,45

Ty = M3y = M3 = T35 = 0.
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Also, with (3.3), the incompressibility condition expressed by the last of equations (2.16)
becomes

1 1
T 4,2 =0, (3.8)

Introducing (3.7) into (2.23) and using (3.8), we obtain
(1+ apuy, 13+ Uy, 22 — A2 By y = ki,
Uy, 11 + (1 + @z, 22 — Map, 5 = Ky, (3.9)
ﬁ9 3= 0’

where we have introduced the notation

1 A
T Kons [K““ - )__2 (Kir22 + K2121)] ~1
2112 1
2043 — A3
= ———W( JI,,Pvz;z Wiy + (A2 + 225)W,, + A3(A3 + A)W,,],
1+ A3V,
1 A
Q=g K222 — 7 (Ky212 + K210 | — 1 (3.10)
1221
2042 — 22
B —_H/( 11253 [Wos + (4 +209)W, + B3 + ) Wasl,
1+ A3 W,
Asp { p }1/2
= d k={———nr—1 .
P AT LA 2(W, + A2 W)

By using (3.8) and (3.7) and introducing the condition (3.2) that the incremental surface
tractions vanish on the surfaces ¢, = +/,, we obtain with (3.4), (3.5) and (2.22)

by =7y =2(W + B W)(uy,, + Auy 1) =0

=+, 3.11
itZ = n22 = Z(Wl + lg Wz)[(2 + az)uz, 2 }’lﬁ] = 0} on 52 -2 ( )

where
A= Ay/A,. (3.12)
We shall consider that on the faces & = 4/, for which v, = +6,,, the displacement
associated with the superposed deformation is zero in the I-direction and the tangential
traction in the 2-direction is zero, i.e.
;=0 and #,=m,=0 on ¢ = +/. (3.13)
Then, from (2.25), (3.3) and (3.7), we obtain

ul =0, uz’l =0 on 61 = j‘_ll. (3.14)
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4. SOLUTION OF THE EQUATIONS

Since, in obtaining stability criteria, we consider that the assumption of exchange of
stabilities is valid, we shall obtain solutions of (3.9) and (3.8), subject to the boundary
conditions (3.11) and (3.14), in the case when the displacements u; are quasistatic, i.e. i; = 0.
In this case (3.9) and (3.8) become

(A +a)u 11 +uy 20— 4 P, =0,
4.1

y)
Uy, 1+ (1 +ay)uy, 25 — 72 p, . =0,

and
Auy, +uy ;=0

respectively, where p is independent of £; and A is given by (3.12).
We may obtain solutions of these equations in the forms
—~sin ®¢

cos ®¢
Uy = "UE), uy = '

UL . cos &,
cos W¢, sin W¢, 282 P =

sin WE, P(&y), (4.2)

where @ and ¥ are constants. We note that two separate forms of solutions are given in

(4.2), corresponding to the upper and lower terms. The upper terms correspond to sym-

metric and the lower terms to antisymmetric modes with respect to the 23-plane.
Substitution of (4.2) in (4.1) yields, in either case

Ui~ (1 +a)QU, = 4,QP,

A,
A +a)Ulh - QU, = _f P, 4.3)
—AQU, + U} =0,

where a prime denotes differentiation with respect to &, and Q = ® or ¥ accordingly as
solutions given by the upper or lower terms in (4.2) are required. Eliminating P and U, from
(4.3), we obtain

U —[1 + A% + A1 — 2)*)Q*U; + A*Q*U, =0, 4.4)
where the notation
2044 + 4,)?
A = —m—%(wll + 2/1% W12 + /1‘; W22) (45)
1 3 W,
and the relation
a, + 2%a, = A(1 — 2)? 4.6)

have been used.
The general solution of equation (4.4) is

U, =L, cosh Q,&, + L, sinh Q,&, + M, coshQ, &, + M, sinh Q, &, 4.7)
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where
Q2 Q% =1Q%{[1 + A2 + A0 — D)*] + [{1 + 2% + A(1 — 1)} — 422]1/3, (4.8)
provided that Q2 # Q2. The special case when Q2 = Q2 will be discussed later in Section 6.
Introducing (4.7) into (4.3);, we obtain
1 .
U, = 10 [Q,(L, sinh Q,&, + L, cosh Q,&,) + Q,(M, sinh Q, &, + M, cosh Q,¢&,)]. (4.9)

Again, introducing (4.9) into (4.3),, we obtain

1 .
P = T8 [Q,{Q% — (1 + a)Q¥(L, sinh Q,¢, + L, cosh Q,¢,)
2

+ Q,{Q2 — (1 + a,)Q*}(M, sinh Q, ¢, + M, cosh Q, &,)].  (4.10)
Introducing (4.2) into the boundary conditions (3.11) and (3.14), we obtain

@+apUi—ap=0 O 2=k @.11)
and
—sin ¢, —& sin ©¢,
cos ‘PQ} 170 weos e, Up=0 on ¢ =l (4.12)

Ruling out the trivial case when U, = U, =0, we obtain from (4.12),
O=nnfl, Y=(-Hr/l, ®=12..). 4.13)
Eliminating U, from (4.11), and (4.3);, we obtain
Uj+ 22Q*U, =0 on &, =+1,. 4.14)
Also, eliminating P and U, from (4.11), and (4.3),, 3, and using (4.6), we obtain
Uy —BQ*U; =0 on ¢&,=+1,, “.15
where
B=1+22+ A1 - )~ (4.16)
We note from (4.8) that
Q2+ ’Q* =BQ* - Q} and Q3 +12Q? = BQ? — Q2. 4.17)
Introducing (4.7) into (4.14) and (4.15), we obtain, with (4.17),
(Q? + 22Q*)(L, cosh Q,/, + L, sinh Q,1,)
+ (Qf + 2’Q*) (M, cosh Q, 1, + M, sinh Q, 1,) =0,
and (4.18)
Q,(Q} + A2Q*)(L, sinh Q,/, + L, cosh Q,1,)
+ Q,(Q% + 22Q%)(M, sinh Q, 1, + M, cosh Q, 1,) = 0.
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Equations (4.18) represent the four equations obtained by taking the upper signs together
and the lower signs together. From these equations, we obtain

(Q% + 22Q*)L, cosh Q,/, + (Q2 + 22Q*)M, cosh Q, [, = 0,

Q% + 22Q%)L, sinh Q1, + (Q3 + 2*Q*)M, sinh Q, 1, = 0,

Q,(Q2 + A2QY)L, sinh Q,1, + O,(Q? + A2Q)M, sinh Q, 1, = 0, 4.19)
Q,(Q3 + A2Q)L, cosh Q,/, + Q,(Q2 + 12Q*)M, cosh Q, [, = 0.
From these equations, we see that either
tanh Q,/ 02 + 2012 Q
L, =M, =0 and 122 (22 ) =
1= e anho,l, (Qf y 2] q, (4.20)
or
tanh Q,/ Q2 + 2201\ Q
L,=M,=0 and 22 - (2 ) =, -
2= M2 =0 ANt hhQ, 7, (Qf T2 Q, @.21)
unless
tanh Q,/, tanhQ,!
2= 22, (4.22)
tanh Q,/, tanhQ,/,
i.e. unless
sinh(Q, + Q,), = 0. (4.23)
This corresponds to the case when Q2 = Q32 which is discussed in Section 6.
We note from (4.19) that if (4.20) is applicable
L Q2 + A2Q? sinh Q, /
22 S22 (4.24)
M, Q% + 1°Q° sinh Q,/,
and if (4.21) is applicable
L _ Q2 + 17Q* cosh Q, lz. (4.25)

M, Q% + 12Q7 cosh Q,/,

From (4.8) it is seen that three distinct cases arise accordingly as Q3 and Q2 are both
positive, or complex conjugates, or both negative. It is easily seen that the latter case arises
if and only if

A< - (i—i%)z (4.26)

It has been shown elsewhere[6] that if (4.26) applies then the material is inherently unstable
and, accordingly, we need not discuss this case further. Also from (4.8), it is seen that Q?
and Q2 are complex conjugates if and only if

1 2
_(i_j””f) <A< -1 (4.27)

We shall postpone consideration of this case to a later paper and restrict the discussion in
the present paper to the case when Q% and Q3 are both positive.
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Secular equations analogous to (4.20) and (4.21) were obtained by Guo Zhong-Heng[5]
in his discussion of the instability of a circular plate under radial thrust. Secular equations
similar to (4.20) and (4.21) have also been obtained, for a body having the same geometry
as that discussed in the present paper, by Wesolowski[7], Levinson[8], Nowinski[9] and by
Wu and Widera[10]. However, Levinson[8] derives these equations only for the particular
case of an incompressible neo-Hookean material with 4, = A, . Nowinski[9], while deriving
the equations for a general incompressible isotropic elastic material, does so only in the case
when A, = 1 and limits his discussion of the implications of the equations, with respect to
critical bifurcation conditions, to the case when the material is neo-Hookean. Wu and
Widera[10] derive the secular equations for the case when A; =1 and the material has a
strain-energy function of the Mooney-Rivlin form. We note that in both the Mooney-
Rivlin and neo-Hookean cases, A = 0. Burgess and Levinson[l1] also derive equations
analogous to (4.20) and (4.21) for two forms of the strain-energy function applicable to
compressible materials. Wesolowski[7] derives the secular equations with the generality of
the present paper, but limits his discussion of their implications to the tensile case (4 < 1)
and concludes that instability may occur in tension for certain forms of the strain-energy
function which yield complex forms for Q; and Q, . It seems doubtful that such materials
do, in fact, exist.

Guo Zhong-Heng[5] limits the discussion of the implications of his secular equations to
three specific forms of the strain-energy function—the Mooney-Rivlin form (for which
A = 0), a particular case when 4 = —1 and a particular case when 4 = —(4 + 1)%/(1 — 1),
In the latter case Q, and Q, are equal and imaginary. It can be readily inferred from the results
of Sawyers and Rivlin[6] that a strain-energy function for which 4 = — (1 + 1)?/(A — 1)?
does not correspond to a real material. Later workers have invariably restricted the dis-
cussion of their secular equations to particular forms of the strain-energy function.

In the following sections, we discuss the implications of the secular equations (4.20) and
(4.21) for arbitrary constant A4, not less than —1, and show how from these results corre-
sponding implications can be drawn for arbitrary dependence of 4 on A, provided that A is
not less than —1 for all relevant values of A. In order to draw these conclusions, we first
recast the secular equations into new forms (equations (5.11) and (5.12) below) more ap-
propriate for our purposes.

5. DISCUSSION OF THE SECULAR EQUATION WHEN Q} AND Q3
ARE POSITIVE

From (4.8), it is seen that this case arises if, and only if|
A>—1. (5.1)

(Here we have omitted the case Q} = Q3 in accord with our earlier remarks.) With the
notation

n=05LQ, T, =0Q,/Q and T,=0Q,/Q, (5.2)
we obtain, from (4.20),

tanh [yyp (T2 + A%\?T,

tanhL,7 (rf + /12) T, G-3)
and, from (4.21), '

tanhT,n (T2 4+ A7\*T,

tanhI,n (l"f + 12) r, 4
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If A and A, are given and the dependence of W on I, and I, is known, we may regard each
of these equations as an equation for the determination of . The value so determined is the
critical value for which, with the assumption of exchange of stabilities, instability occurs at
the specified values of 4 and 1,, in the mode considered. We note that, since in the cases
covered by equation (5.3) L, = M, =0, from (4.7) and (4.9), U, and U, are respectively
even and odd functions of &, . Accordingly, the modes covered by equation (5.3) are called
barreling modes. Again, in the cases covered by equation (5.4) L, = M, =0 and U, and U,
are odd and even functions respectively of &,. The modes covered by equation (5.4) are
therefore called flexural modes.

The secular equations (5.3) and (5.4) may be rewritten in a somewhat different form.
We write

2 = J(cosh 2 +sinh 28) and T2 = A(cosh 26 — sinh 26), (5.5)

where, from (4.8),
cosh 26 = 511 (14 4% + A(1 — 2)?]
and (5.6)
sinh 20 = —21—/1 1 + A% + A(Q — H)F? — 422)V2,
Whence,
cosh? § = 417 (1 + A+ 41 ~ 2]
and (5.7)
sinh? § = ‘% (1 + A0 - V>

From (5.5), we have
I, = 2?(cosh § + sinh §) and T, = A'*(cosh 6 — sinh 4). (5.8)
Introducing (5.8) into (5.3), we obtain

sinh(24Y2 cosh ) + sinh(24'/2 sinh 8)n
sinh(2412 cosh 8)n — sinh(2A/? sinh &)y

_[cosh 38 + (24 + A*)cosh 3] — [sinh 38 + (24 — 2%)sinh 8]

~ [cosh 38 + (24 + A%)cosh 8] + [sinh 38 + (24 — 4*)sinh 8] 9
Whence,
sinh(24'/2 cosh &)y _ cosh 36 + (24 + A*)cosh 5' (5.10)
sinh(24!/2 sinh &)y sinh 38 + (24 — A®)sinh &
We thus have, for the barreling modes,
sinh(24'/% cosh &) cosh 8[(1 + 4)? + 4 sinh? §] 5.11)

sinh(2A7% sinh 8)y  sinh 6[—(1 — A)? + 4 cosh? 6]
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In a similar manner, we obtain from (5.4), for the flexural modes

sinh(2A'? cosh )y cosh 3[(1 + 1) + 4 sinh? 8]

= — > - (5.12)
sinh(24'/2 sinh 8)y ~ sinh 6[—(1 — A)* + 4 cosh® 6]
The solution of (5.12) for 5 is given by the intersection of the two curves
_ [—( = 2)* + 4 cosh? §]sinh(24'/2 cosh )y (5.13)
cosh 6
and
A =— ! [(1 + A)? + 4 sinh? §]sinh(24"/? sinh &)y (5.14)
sinh 6
in the A-n plane.
We note from (5.7) that
cosh? § > sinh? 4. (5.15)
It follows that, for real positive 7,
1
! sinh(24!/2 cosh &)y > — sinh(2A!/2 sinh &)y. (5.16)
cosh ¢ sinh ¢
Also, for A< 1,
—(1 — A)? + 4 cosh? § > (1 + A)*> + 4 sinh? 6. 5.17)

Consequently, for 4 < 1, the expression on the right-hand side of (5.13) is greater than that
on the right-hand side of (5.14) for all real positive n and accordingly (5.12) has no real
positive solutions for #.

If, however, A4 > 1, it can easily be seen that there is one real positive solution of (5.12)
for n if

—(1 —A)?* +4cosh’6>0 (5.18)
and no real positive solutions if
—(1 —A)? +4cosh? 6 <0. (5.19)

We note that in the latter case A, given by (5.13), is non-positive for 5 positive, while A,
given by (5.14), is positive for n positive. Thus, there are no real solutions of (5.12) in the
case (5.19). On the other hand, if the relation (5.18) applies, sirice for A > 1

—(1 =% +4cosh? 5 < (1 + )+ 4sinh? 6, (5.20)

the slope of (5.13) at the origin is less than that of (5.14). However, in view of (5.16) and
(5.18), at large values of #, the value of A given by (5.13) is greater than that given by (5.14).
Thus, the curves must intersect for at least one real positive value of #. At the first point of
intersection, the values of A given by (5.13) and (5.14), are, of course, equal. Also, as 7
increases the ratio [sinh(24'/? cosh 8)n)/[sinh(24'/? sinh &)y] increases monotonically. Con-
sequently, no further intersection is possible and we conclude that equation (5.12) has one
and only one real positive solution corresponding to the conditions A > 1 and (5.18).
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Turning now to the equation (5.11) for the barreling mode, we note that its solution for
is given by the intersection of the two curves

1

= i3 [—(1 — 4)* + 4 cosh? 6]sinh(2A!/? cosh &)y (5.21)
and
1
A=~ PP [(1 + A)* + 4 sinh? 5]sinh(24'/2 sinh &)1. (5.22)
If 1> 1, so that (5.20) is valid, we see that if
—(1 =2 +4cosh? 6 >0, (5.23)

the value of A given by (5.21) is non-negative for all positive , while that given by (5.22) is
negative for all positive 4. Consequently, if 1 > 1 and (5.23) is satisfied, equation (5.11) has
no real solution for 7.

We now consider the case when 4 > 1, so that (5.20) is valid, but

—(1 — A)* + 4 cosh? § <0. (5.24)
Now, since 4 > —1, it is evident that
—(1 = 2)* +4cosh? 5 > —[(1 + A)? + 4 sinh? §]. (5.25)

Therefore, the slope of (5.21) at n = 0 is greater than that of (5.22). However, in view of
(5.16) and (5.24), for n large, the value of A given by (5.21) is less than that given by (5.22).
Consequently, the curves (5.21) and (5.22) must intersect at least once for positive real #.
That they have only one intersection can be seen from the following consideration. At the
first intersection, the values of A given by (5.21) and (5.22) are equal. Also, as 7 increases,
the ratio [sinh(24'/? cosh §)4]/[sinh(24/? sinh &)] increases monotonically. Consequently,
no further intersection is possible and we conclude that equation (5.11) has one and only
one solution corresponding to the conditions A > 1 and (5.24).

If A <1, so that (5.20) is violated, then [—(1 — 4)> + 4 cosh? §] is necessarily positive.
The value of A given by (5.21) is positive for all positive #, while that given by (5.22) is
negative for all positive #. Consequently, if 2 <1, equation (5.11) has no real positive
solution for #.

We may summarize the conclusion reached so far in this section. We introduce the
notation

6 =—( — A% +4cosh? §, (5.26)
where, cf. (5.7); and (4.5),
1
cosh? 6 = ¥ [+ A2 + A1 — A)?) (5.27)
and
200 + 4,)?
= WfllT;V; (Wi + 282 Wy, + A W,,). (5.28)

Under the condition that A > —1, we have found that
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(i) if A < 1 (tensile conditions), no real positive value of # can be found for which either a
critical flexural or a critical barreling configuration can exist;

(ii) for any specified A > 1, there exists one, and only one, value of # for which a critical
flexural configuration can exist provided that 6 > 0 and no such values of 5 if § < 0;

(iii) for any specified A > 1, there exists one and only one value of 5 for which a critical
barreling configuration can exist provided that 6 < 0 and no such values of  if § > 0.

We note that, whatever 4 may be, the condition 8 > 0 is satisfied for A = 1. Corresponding
to this value of A, we see, from (5.12), that =0, i.e. a critical flexural configuration can
exist in the limiting case /, = 0. Assuming that A4 is a continuous function of A, the solution
of (5.12) for #n is a continuous function of 4 in the range 6 > 0. Thus, there exists some range
of values of A from 1 to some value greater than 1, such that, for each value of A in this
range, there is one value of n for which a critical flexural configuration exists. We note, also,
from (5.12), that as 8 — 0 from above, § — oo from below. Thus, since A4 and therefore 0 is
a continuous function of A, for each value of # in the range 0 to oo, there exists at least one
value of A corresponding to a critical flexural configuration, provided A does not increase
so rapidly with 1 that 6 is non-zero for all 4 > 1. We note that this latter qualification cannot
be operative if A is independent of A. If it is operative, then there may be values of 5 for
which no critical flexural configuration can exist for any value of 4. The impossibility of
critical flexural configurations corresponding to sufficiently large values of n may also be
realized for other reasons. For example, the material may fracture before the value of 2,
which would otherwise correspond to such a configuration, is reached.

6. DISCUSSION OF THE CASE WHEN Q}=Q?
From (4.8), we see that Q% = Q2 if and only if
(A = D*A+ 1A = D)+ (1 + HH =0. 6.1)
Now, (6.1) is satisfied if

2
A=1, or A=-1, or A=—(ﬁ) . (6.2)
1 -4
If (6.2), applies, it follows from (4.8) that
Q2 = Q2 = - 102, 6.3)

i.e. Qf and Q} are negative. In accordance with the discussion at the end of Section 4, we
omit further consideration of this case.

If (6.2), applies, the general solution of (4.4) is
U, = Ly cosh Q&, + L, sinh &, + M, &, sinh ¢, + M, &, cosh OF, , (6.4)
where
Q=2 6.5)
Since 4 = —1, we have from (4.16),

B=12+42) (6.6)
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Introducing (6.4) and (6.6) into the boundary conditions (4.14) and (4.15), we obtain
Q4 + D[L, cosh Ql, + M1, sinh Ql, + (L, sinh Ql, + M, 1, cosh Q)]
+ 2(M, coshQl, + M, sinh Q/,) = 0,
QA + 1)[L, sinh Qf, + M1, cosh Ql, + (L, cosh Q/, + M, [, sinh Q1,)]
+ (A — 1) (M sinh Q, + M, cosh Q/,) = 0.

(6.7)

By an argument similar to that used in passing from equations (4.18) to (4.20) and 4.21),
we find, from (6.7), that

sinh 2Q/, -y 14+ 4
20 3
or (6.8)

sinh 2(212_1 1+2
20 3-0

Ly=M, =0 and

L,=M,=0 and

unless 4 = 3. We note, from (5.26) and (5.27), that when 4 = —land A1 = 3,0 =0, i.e. A = 3
is the value of A which separates the ranges in which critical flexural and critical barreling
conditions obtain. With (5.2), and (6.5), we can rewrite (6.8) as

sinh 292 1+ 4
i E 69)

=3

the upper sign corresponding to flexural conditions (4 < 3) and the lower sign to barreling
conditions (4 > 3). It is evident that (6.9) has no real solutions for  if A < 1.

We remark that an equation analogous to (6.9) was previously derived by Guo Zhong-
Heng[5] in his discussion of the instability of a circular plate under uniform radial thrust.

7. NUMERICAL RESULTS

iIf A is assigned some constant value, (5.11) and (5.12) become equations for the deter-
mination of s as a funetion of 4. The special case of 4 = —1 is covered by (6.9). The resulting
values of 5 are plotted against A in Fig. 1 for 4 = — 1,0, 11/9 and for A in the range from 2-5
to 4-5. The curve for A = 0 (which applies to the Mooney-Rivlin material) is plotted over a
wider range of A in Fig. 2. In Figs. 1 and 2, the full lines correspond to the values of A
given by (5.12) and thus pertain to critical flexural conditions. The broken lines correspond
to the values of 4 given by (5.11) and thus pertain to critical barreling conditions. The curve
for 4 = —1 has an asymptote at A = 3 and that for 4 = 11/9 has an asymptote at 1 = 4.

We see, as has already been shown in Section 5, that, for any specified value of 4, the
ranges of A which apply to critical flexural and barreling conditions do not overlap. The
values of A separating these ranges are, of course, given by 8 = 0, where 6 is defined by (5.26)
and (5.27); i.e. they are given by the equation

PGB+ (24— 12— (1 +4)=0. (7.1)

It can easily be shown that, if 4 is constant, equation (7.1) has only one solution for A
which is greater than unity. This is plotted against A in Fig. 3.

We see from Figs. 1 and 2 that, for any gi¥en value of n, the critical value of 1 for flexure
is lower than that for barreling and, accordingly, under conditions in which the loading is
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Flexural
region

Barreling
region

Fig. 3. Relation between 4 and values of A separating flexural and barreling regimes [equation

7.1}

increased from zero, flexural instability will occur before the load appropriate to barreling
is reached.

The values of 5 obtained from (5.11) for constant values of 4 approach zero as A becomes
infinitely large. To see this, we employ (5.7) and rewrite (5.11) in the form

sinh [(/1 + 1){1 + A(i—;i)z}l/zn]
sinh[(A — D{1 + A}"?9)

1—1\{)12 1 A—1\?
1+ A\ — I+-(A4d+ D)|——
_1+1{ + (/1+1)} A )(A+1) 02
T a-1 {1+ 4)1/? (1-1)2 1{1+A(1—1)2}' ‘
A+ A A+l
Now for any constant 4 > — 1, the right member of (7.2) is seen to approach unity as 2 — 0.

If n does not approach zero as 1 — co then the left member of (7.2) approaches

sinh[(A + 1)(1 + 4)'/*5)/sinh[(2 — 1)(1 + 4)'"*n] = exp[2(1 + 4)*/?y]

which is greater than unity. Hence, we conclude that # — 0. This result is in apparent
conflict with that obtained by Nowinski[9] who dealt with a neo-Hookean material for
which 4 = 0.

From curves similar to those shown in Figs. 1 and 2, we can also obtain the critical values
of A for flexure and barreling for any given 5, even when A4 is not independent of 1. To do
this we construct a series of curves, as in Fig. 1, over a wider range of A and for various
constant values of 4. From these, pairs of points (A4, 4), corresponding to flexure and
barreling, are read off for some specified value of 1. These pairs are then plotted against A
and the relevant curve of 4 vs 1 is drawn on the same graph. The intersections of the former
curves with the latter then give the critical values of A for flexure and barreling corresponding
to the value of # for which the curves are drawn. It may, of course, happen that the 4 vs 1
curve does not intersect the other curves, in which case instability could not occur for that
particular value of #.
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-1

Fig. 4. Illustration of the method for determining critical values of A when 4 is nonconstant.

This procedure has been carried out for # = 1-5 and the resulting curves, labeled 1 and 2,
are shown in Fig. 4. These correspond to critical flexural and barreling conditions, respective-
ly. Curve 3 in Fig. 4 has been obtained by taking

W =Cil; = 3) + Cy(I, = 3) + #5(C, + ), — 3)%, (7.3)
which, with A, = 1 and 4,4, = 121 =1, leads to

_1 2
A= +A2 (7.4)

From Fig. 4 we see that the critical values of 4 for flexure and barreling in this case are
approximately 3-1 and 6-8 respectively.
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AbcTpakT — ToncTas OpAMOYroibHas IUTMTA M3 HECKHMMAEMOro H3OTPOIHOIO, YHIPYroro
MaTepHalia HAXONHTCA MO BIMAHHEM OXNHOPONHON nedopMaluM, BBI3BAHHOW pacTATHBaA-
IOIHMHE CHJTAMH WJIM NaBJICHHEM, NMPRIOKEHHBIMH K [ape MPOTHBOMOJIOKEHHBIX TOPLOB.
[IpuMenseTcsa Teopusa MaNBIX aedopMaLHil, HATOXKEHHBIX HA KOHEYHbIE AedOpMaIMH, ¢ LIEJIbIO
OIpeHeNeHAs KPATHIECKUX YCIIOBHIM, IUIA KOTOPBIX MOIYT CyIIECTBOBATh PEHIEHAS pa3BeTiie-
HEsA (T. €. CMEXHBbIE MHO3HIMH paBHOBecHs). McCIenyloTcs Takue Xe CMEXKHBIE MO3HUHHA
paBHOBECHS, [UNIsE KOTOPBIX HANOXeHHas Oedopmauus OByXMePHA H KOIUIAHHPHA C YCHIHAEM
OT HAarpy3Kd M HanpaBjieHHeM TOJIIMHBI [UTHThLI, OPAYEM TOPLBI ILUTHTHI HOPMAJBHBI K €€
TONMUHEN cBOOOIHBI OT yeunuil. OnpefenseTcs HEKOTOPOE YHCIIO TEOPEM, TI0 OTHOMIEHHIO K
KPHTHYECKHM YCJIOBHAM MJIA HAJIOXKEHHBIX AebopMalMii Py M3THOE MM OCA)KHBAHMIO, YYH-~
TeIBast Goee obume ycnous dyHKumHM 3HepruH AeOpMaumni IO CPaBHEHMIO C TaKHMH XK€
HCIONB30BaHHBIMA B Ipequayumeii pabore. Vka3zaHo, TaKxke, KaK MOXHO 3TH DPe3yJIbTaTbl
NPUMEHATD A1 ONPEHENCHHUs YCTOBMH pa3BeTJIEHHSA, KOTODHIE COOTBETCTBYIOT K OGO
TpeboBauHOi GyHKIMH SHEPruyu AedhopMaLI¥H.
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